We study the classical version of supersymmetric W -algebras. Using the second Gelfand-Dickey Hamiltonian structure we work out in detail W 2 and W 3 -algebras.
Introduction
Recently W -algebras have attracted a lot of attention. They play an important role both in integrable systems and conformal field theories [1] , [2] . The Virasoro algebra and its W -algebra generalization appear naturally in integrable systems [3] of KdV-type [4] , [5] , [6] . The W -algebras where originally introduced by Zamolodchikov [7] . In addition to the Virasoro algebra generated by the stress tensor, the W -algebras contain higher integer spin currents. The supersymmetric versions of these algebras contain in addition to the integer spin currents also integer fermionic currents. A lot of work has been done in trying to find W -algebras with N = 1 supersymmetry [8] , [9] , [10] .
For a string theory application it is well known that models with N = 2 supersymmetry are the most desirable since they give rise to N = 1 supersymmetry in space-time. The Walgebras with N = 2 supersymmetry were studied in [11] through Hamiltonian reduction of non-compact Lie algebras. In this paper we consider also supersymmetric N = 2 Walgebras. We consider superdifferential operators whose coefficients can be identified with conformal fields. Using the second Gelfand-Dickey Hamiltonian structure [12] we generate the classical version of extended supersymmetric W -algebra.
The paper is organized as follows. In section two we study the algebra of pseudodifferential operators. The minimal N = 2 algebras are considered in section three. In section four we extend our analysis to W 3 -algebras. Chapter five contains our conclusions.
Supersymmetric Pseudodifferential Operators
We start our analysis by considering the algebra of supersymmetric pseudodifferential operators [13] . Throughout the paper we use a N = 1 supersymmetric description. With this in mind we introduce an anticommuting coordinate θ, with θ 2 = 0. We work in twodimensional superspace and use complex coordinates z = (z, θ). The coordinate z is even and the anticommuting coordinate θ is odd. In general we setX = 0 (respectively 1) if X is even (respectively odd). The superderivative D is the square root of the ordinary
and it acts as an odd superderivativẽ
The supercommutator is defined by
The differential operators that we consider have the form
The multiplication rule is provided by the Leibniz rule,
Above we have used • for multiplication to distinguish D n • u from (D n u). The coefficients j k in eq. (2.5) are the superbinomial coefficients,
where j k is the ordinary binomial coefficient.
Next let us introduce the ring of formal pseudodifferential operators
We set 8) where res stands for the residue. The multiplication rule of formal pseudodifferential operators is also given by the Leibniz rule. We can introduce a bracket for the pseudodifferential
From the definition of the bracket we see that the commutator [L 1 , L 2 ] of two pseudodifferential operators L 1 and L 2 with degrees n 1 and n 2 respectively has degree n 1 + n 2 − 1.
The pseudodifferential operators with negative degree form an algebra with respect to the bracket [ , ] . This algebra is known as the Volterra algebra. Let X be an element of the Volterra algebra,
Later when we use (2.10) only a finite number of x i (z, θ)'s are non-zero. To each element X of the Volterra algebra we can associate a differential operator L via the mapping Let us consider differential operators with fixed degree n > 0. Without loss of generality we can set u n (z, θ) = 1,
For any functional f [u 0 , . . . , u n 1 ] , let X f be the formal sum
Then for any pair of functionals f and g we introduce the Poisson bracket
where
The Poisson bracket defined by equation (2.15) is called the Gelfand-Dickey bracket of the second kind [12] , [14] . In the next section we work out Gelfand-Dickey bracket for differential operators of degree three and five.
For the rest of the paper we restrict ourselves to differential operators of odd degree.
These give rise to extended supersymmetric algebras. They act on functions f (z, θ). By a change of the function
we can eliminate the coefficient u n−1 from the expansion of the differential operator (2.4).
Therefore the differential operator L has the form
Next let us consider the behavior of the differential operator under a superconformal transformation. A super analytic map z →z(z) = (z(z, θ),θ(z, θ)) transforms the superderivative according to, e.g.
[15]
A super analytic map is called a superconformal transformation when the superderivative transforms homogeneously,
From (2.19) we see that for a superconformal transformation
The superconformal tensor field f (z) is defined by the condition that f (z)dz 2h is superconformally covariant. The conformal dimension of the field f is h. From the transformation law (2.20) we see that a superdifferential dz transforms as follows,
This means that the field f (z, θ) with conformal dimension h has the following transformation law
The superconformal tensor fields are the analogs of ordinary tensor fields f with conformal
If we denote the space of functions with conformal dimension h by F h one can show that the differential operator L maps the space
This then allows to determine the transformation properties of the coefficients u i (z, θ). In the next sections we work out the transformation properties of these functions when the differential operator has degree three and five.
In eq. (2.18) we have set u n−1 (z, θ) to zero. From eq. (2.14) we see that the coefficient
vanishes. It turns out that this is equivalent to demanding that the coefficient of the term
vanishes. This concludes our general discussion.
In this section we work out the details when the differential operator L is of degree three,
Following our general discussion let us consider
where x 3 is determined by the requirement that res[L, X f ] = 0. An explicit calculation then gives the condition
Using this condition we then calculate V x (L) and we find
The Gelfand-Dickey algebra of the second kind then has the form,
Before we calculate the Poisson bracket of the fields u 1 (z, θ) and u 0 (z, θ) let us look how they transform under a superconformal transformation. From equation (2.24) we havẽ
The super Schwarzian derivative S of eq. (3.7) is given by
The above equations show that u 1 (z, θ) transforms as a field with conformal dimension one. Therefore we can identify it with and Du 1 (z, θ). We find that
has the correct transformation property. Therefore we can identify it with the stress tensor
Having identified the correct fields in our theory we now calculate their Poisson brackets. From the Poisson bracket of u 1 (z, θ) with itself we can read off the Poisson brackets
From the Poisson bracketû 0 (z, θ) with u 1 (z, θ) we obtain four new Poisson brackets
. After some algebra we
(3.13)
itself will give us the remaining unknown brackets of the component fields,
They have the form,
(3.14)
The fields J(z), G 1 (z), G 2 (z) and T (z) form an N = 2 supermultiplet. Furthermore the Poisson brackets that we have written down above are precisely the brackets of an N = 2 supersymmetric algebra. We can summarize these Poisson brackets in a compact form using the N = 1 superfields introduced above,
is the N = 1 supersymmetric delta function and
In the next section we consider N = 2 supersymmetry algebras with an extended symmetry.
In this section we use the Gelfand-Dickey algebra to construct the classical version of the N = 2 supersymmetric W 3 -algebra. Differential operator in this case is of order five,
Before we work out the Poisson bracket of the different fields let us first identify the fields that transform covariantly. From the general discussion of section two we see that the differential operator of order five satisfies
Comparing both sides in eq. (4.1) we obtain the following transformation laws,
As in our discussion in the previous sections only the field u 3 transforms covariantly. It can be again identified with a superfield with conformal dimension one, as we did in section two. The field with conformal dimension 3/2 is as beforeû 2 (z, θ) = u 2 − 1/2(Du 3 ). This can then be identified with the stress tensor T (z, θ). It is easy to see that to construct a field with conformal dimension two we need a linear combination of u 1 , Du 2 and D 2 u 3 .
The term (u 3 (z, θ)) 2 transforms by itself as a superconformal field with dimension 2. It turns out that we need to add also a term −(2/9)u 2 3 in order to cancel the unwanted terms in the brackets. We definê
We can identify this with the superfield S(z, θ) with conformal dimension two
where S(z) is the lowest component of an N = 2 supermultiplet. It has conformal dimension two and F 2 (z) is its superpartner with conformal dimension 5/2. To construct the highest component of the supermultiplet we need to construct a field that transforms with weight 5/2,û
It is now clear that we can identify this with superfield W (z, θ) with conformal dimension 5/2,
where W (z) is a bosonic field with conformal dimension three and F 1 is its superpartner with conformal dimension 5/2. The fields that we have introduced above: S(z), F 1 (z), 
The coefficients a, b, c, e can be determined after a long and tedious calculation. The first coefficient a contains 27 different terms. In the second term we find 22 different terms.
When we carry out the expansion we find 68 terms in c and 56 terms in e. The explicit form of these terms is not very illuminating. They, however allow us to determine the Poisson bracket of the supersymmetric W 3 algebra, which we write down below.
Let us start by writing down the Poisson brackets that involve the U (1) current J(z, θ) and its N = 2 superpartner the stresstensor T (z, θ)
The Poisson brackets involving only the superfield S(z, θ) and its N = 2 superpartner W (z, θ) are more complicated. After a long calculation we find
For the Poisson bracket of S(z, θ) with W (z, θ) we get It would be interesting to study the integrable perturbations that correspond to the differential operator (2.13). For the minimal models this has been carried out by Mathieu and Walton [16] . They found three integrable N = 2 Korteweg-de-Vries equations. The generalization to W -algebras is not known. We hope to return to this question in future work.
After finishing this work we received a preprint [17] , where similar results were obtained.
